Introduction
This note discusses a few closely-related parity phenomena arising in the study of automorphic Galois representations over totally real fields. The prototype of these phenomena is Weil's distinction, in his seminal investigation [Wei56] of 'algebraic' Hecke characters, between type A 0 and type A Hecke characters of number fields. Both have (incomplete) L-series with algebraic coefficients, but only the former give rise to compatible systems of ℓ-adic Galois characters; for this reason the latter, and their analogues in higher rank, have been somewhat neglected. But keeping them in mind provides useful intuition for a number of natural arithmetic questions; here we briefly summarize the three addressed in this note:
• We remove a parity condition from the construction of automorphic Galois representations for RAESDC automorphic representations over totally real fields (due to many people; for a review, see [BLGGT10] ; for our result, see Theorem 2.0.1 below). Whereas these Galois representations are constructed via a descent to appropriate unitary groups, to understand the parity condition we make use of a descent to quasi-split GSpin groups, using work of Asgari-Shahidi and Hundley-Sayag (see [AS06] , [AS13] ), Hundley-Sayag ( [HS09] , and [HS12] ).
• We extend the above-mentioned construction of automorphic Galois representations from the Lalgebraic to the 'mixed-parity' case, finding associated geometric projective representations; the same technique yields such Galois representations associated to certain automorphic representations of Spin groups. (See Theorem 4.0.8 for the L-algebraic case, and Theorem 4.0.11 and Corollary 5.3.1 for the mixed-parity case.) This relies, unsurprisingly, on the patching lemma of BlasiusRogawski ( [BR93] ; see too [Sor] ), but only after some rather delicate manipulations that are special to the mixed-parity case.
• Prompted by a question of Claus Sorensen, we show that these projective representations have geometric lifts to GL N (Q ℓ )/{±1}-valued representations (but not to geometric GL N (Q ℓ )-valued representations!). To do this we streamline and sharpen some of the general Galois-theoretic lifting results of [Pat12, §13] . (See Proposition 5.1.3 and Corollary 5.3.1.) See the individual sections for more context and explanation of these problems; for more general background on these sorts of parity questions, see [Pat12] .
Before continuing to the main body of the paper, we also review a little terminology. For a number field F and G/F a connected reductive group, we have the following notions of algebraicity for an automorphic representation π of G(A F ). For all v|∞, the archimedean local Langlands correspondence yields a representation
of the Weil group W F v to an L-group for G. Fixing a maximal torus T ∨ of the dual group G ∨ ⊂ L G, and choosing an algebraic closure F v and an isomorphism ι v : F v ∼ − → C, we may assume (up to G ∨ -conjugation)
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Removing a sign condition from the construction of certain automorphic Galois representations
Let F be a totally real number field, and let Π be a regular, (C-or L-) algebraic, essentially self-dual cuspidal automorphic representation of GL N (A F ), so for some (type A 0 ) Hecke character ω we have Π Π ∨ ⊗ ω. One knows (by the work of many people; see [BLGGT10, Theorem 2.1.1] for a resume) how to associate automorphic Galois representations to such Π under the additional hypothesis that the sign ω v (−1) is independent of v|∞ (in the terminology [BLGGT10] , such Π are 'polarizable'). Our first result shows that this additional hypothesis is in fact superfluous: The result is obvious when N is odd, so from now on we let N = 2n be even. The key ingredient in the proof of theorem is the descent of Π to a suitable GSpin group, thanks to the work of Asgari-Shahidi ( [AS06] and [AS13] ) and Hundley-Sayag ( [HS09] and [HS12] ); there the sign ω v (−1) of interest can be interpreted as a central character, where it is determined by the 'parity' of the corresponding discrete series representation at v. Example 2.0.2. The general argument is modeled on the case n = 1 (note that GSpin 3 GL 2 ), where it is nearly a tautology. In this case, Π is a Hilbert modular representation with central character ω, and if we let k v be its 'weight' at v|∞ in the sense of classical modular forms, then (having normalized Π to be unitary) the archimedean L-parameters φ v : W R → GL 2 (C) have the following form
The crucial point is that for Π to be C-algebraic (respectively, Lalgebraic), all k v , for v|∞, must be even (respectively, odd). Thus, under the assumptions of the theorem, ω v (−1) is independent of v|∞. Those Hilbert modular representations Π for which ω v (−1) varies with v, the so-called 'mixed-parity' representations, are W-algebraic in the sense of [Pat12] , and should be thought of as higher rank analogues of type A but not A 0 Hecke characters in the sense of Weil ([Wei56] ).
We now recall the deep results on generic transfer and descent for GSpin groups that allow this simple argument to be extended to higher rank. Let G denote a quasi-split general spin group over F; later on we will reserve G for the corresponding Spin group. We choose a based root datum, along with a splitting, and form the associated L-group L G. The details of these choices will not be too important for us, so we do not specify them here. G is one of the following three types, which we list along with the (Galois) form of its L-group L G:
• one of the quasi-split but not split groups GSpin µ 2n /F associated to a quadratic extension F ′ /F cut out by a character µ :
We can choose the based root datum and splitting so that L G = GSO 2n (C) ⋊ Γ F , with the action of Γ F factoring through Gal(F ′ /F), where it is given by conjugation by the matrix
Note that h lies in GO 2n (C) but not in GSO 2n (C); h-conjugation preserves our (implicit) choice of based root datum. Our convention here and throughout is that GSO 2n (C) will be defined with respect to the symmetric pairing 1 n 1 n , while GSp 2n (C) will be defined with respect to the alternating pairing 1 n −1 n . In all cases, then, the dual group G ∨ has a diagonal maximal torus of the form
The transfer of interest is with respect to the L-homomorphism ι G : L G → GL 2n (C) × Γ F (the target of course being the L-group of GL 2n /F) given as follows: in the split cases, ι G is the obvious extension to L G of the standard 2n-dimensional representation of G ∨ , and in the non-split case, ι G is given by:
In the next theorem, we summarize what we will need from the works of Asgari-Shahidi and HundleySayag; note that the results in those papers are in fact stronger, giving an L-function criterion for describing the descent, and extending the descent to isobaric, not merely cuspidal, representations. Note that the established transfer is compatible with archimedean L-parameters; we will make crucial use of this. Which group G provides the automorphic representationπ can be read off from properties of Π: namely, exactly one of the incomplete (throwing away a finite set S of places of k containing the archimedean places)
, has a pole at s = 1; in the former case Π descends to GSpin 2n+1 , and in the latter it descends to GSpin 2n (when ω Π /ω n = 1) or a quasi-split form (when ω Π /ω n is a non-trivial quadratic character). All that matters for us is that Π descends to at least one of these groups.
Before giving the proof, we recall how central characters of automorphic representations can be computed from local L-parameters, and we make this explicit in the cases of interest. 4 For any number field k, and any connected reductive group G/k, with center Z G and connected
, and by the local Langlands correspondence for tori obtain a character Z 0
, then this suffices to define the central character. Even when Z G is disconnected, if we are only interested in the restriction of the central character to Z 0 G (k v ), this description suffices. In the general case, we embed Z G into a k-torus Z ′ and enlarge G correspondingly, letting
and proceed as before to define a character
is independent of the choice of lift and gives the desired central character. For us, G will be one of the quasi-split general spin groups that we have been denoting G. Let v be an archimedean (real) place of G. Let j denote an element of W F v − W F v satisfying j 2 = −1 and jz j −1 =z for all z ∈ W F v . We then have the explicit descriptions:
(1) G = GSpin 2n+1 /F. The center Z G is a split torus, and the L-homomorphism L G → L Z G can be identified with the symplectic similitude character GSp 2n (C)
2 The unitary assumption in this theorem can easily be removed by twisting. 3 To be precise, when we regard ω as a character of A k , we mean the restriction of ω to Z 
can be identified with the orthogonal similitude character GSO 2n (C) 
where each p v,i is non-zero, and p v,i ±p v, j for any j i. By Theorem 2.0.3, Π descends to an automorphic representationπ of one of the GSpin groups G. As before, denote by
By regularity, the only ambiguity in conjugating φ v into T ∨ comes from the Weyl group of G ∨ , which in all cases does no more than permute the {p v,i } and exchange some p v,i with −p v,i . Thus we may continue to assume that φ v (rather than Φ v ) takes the form
although note that these are not necessarily the same p v,i as before-namely, in the D n case there can be distinct (up to G ∨ -conjugation) parameters φ v that nevertheless yield the same parameter up to GL 2n (C)-conjugation. Given such a φ v | W Fv , we now check which extensions to a full L-parameter φ v : W F v → L G are possible, and use this to compute ω v (−1) in each case. Note that for our given Π, either all p v,i lie in Z, or all lie in 1 2 + Z; the calculation of ω v (−1) will turn out only to depend on the group G and this integer/halfinteger alternative. Let J ∈ G ∨ have the property that
) gives a well-defined extension of the L-parameter is of the form J
Proof. A simple calculation, whose details we omit.
The next lemma completes the proof of Theorem 2.0.1 in the split case: Proof. There are four cases to deal with, depending on the group G, and on whether the p v,i are all integers or all in 1 2 + Z. In each case we write down a candidate for J and compute the central character from the L-parameter, showing that the value ω v (−1) is independent of the choice of J. We label the cases (m, ⋆) where m = 2n or 2n + 1, depending on G, and ⋆ = Z or 1 2 + Z, depending on where the p v,i live.
(1) (2n + 1, Z). Here J 2 = φ v (−1) = 1, so we may take J = 1 n 1 n . Denote by ν :
, where s is an n × n diagonal matrix and ν(t) = x. (J ′ ) 2 = 1 forces x = 1, and then we see ν(J ′ ) = −1 as well. This forces
The calculation is similar, except now we have J 2 = φ v (−1) = −1, so we may take
(3) (2n, 1 2 + Z). We have to be careful, since J = 1 −1 belongs to GSO 2n (C) if and only if n is even. In that case, the argument proceeds as before, and we find ω v (−1) = −1. For n odd, we know that Cent GL 2n (φ v (W F v )) consists of diagonal matrices (this follows from the same calculation as in Lemma 3.0.4), so if we are to find a J ′ ∈ GSO 2n (C) satisfying
, it must have the form J ′ = Jt, where t is some diagonal matrix in GL 2n (C). The condition (J ′ ) 2 = −1 is easily seen to imply that t has the form diag(t 1 , . . . , t n , t −1 1 , . . . , t −1 n ), hence lies in T ∨ . In particular, we cannot choose J ′ in GSO 2n (C), so in this case we obtain a contradiction: no such φ v : W F v → L G, and hence no such Π, can exist.
(4) (2n, Z). Again we may take J = 1 n 1 n , which lies in GSO 2n exactly when n is even. In this case, ν(J) = 1, and we are forced to have ω v (−1) = 1. For n odd, an argument as above shows no such parameter, or Π, can exist.
Remark 3.0.6. To understand this lemma, and in particular the fact that in the D n cases we could not have n odd, note that the split real spin group Spin(n, n + 1) always has discrete series, 7 while the split group Spin(n, n) has discrete series if and only if n is even. The Π we consider will all arise fromπ such thatπ ∞ is discrete series. Similarly, in the quasi-split non-split case, note that Spin(n − 1, n + 1) has discrete series if and only if n is odd.
Finally, we treat the quasi-split but non-split case: where we abusively write φ v (z) both for the element of G ∨ ⊂ GL 2n (C) and for the element of L G. As before, we find that Jh must have the form t t −1 for some n × n diagonal matrix t. Thus To finish the argument, note that G v must be split at all v|∞ or non-split at all v|∞: if not, then our calculations (based on the existence of a descentπ to G with regular archimedean L-parameters) show that n must be both odd and even, a contradiction. We have just seen that in the non-split case ω v (−1) depends only on whether the p v,i are integers or half-integers, so the proof is complete.
Construction of automorphic Galois representations
We can use the same ideas to 'construct' 8 the Galois representations expected to be associated to automorphic representations that are discrete series at infinity on GSpin and Spin groups. We continue to let G denote one of the quasi-split GSpin groups GSpin 2n+1 , GSpin 2n , GSpin µ 2n . The calculations of the previous section, in combination with a result of Bellaïche-Chenevier, will allow us to show these Galois representations take values, as hoped, in the appropriate L-group. There are a number of more refined statements one could hope for (compare Conjecture 3.2.1, 3.2.2 of [BG11] ), which we can only partially verify: the basic difficulty is that the most precise form of the conjectural relation between automorphic forms and Galois representations is an essentially Tannakian statement, requiring understanding of the Galois representations associated to all functorial transfers ofπ to general linear groups, whereas we have at our disposal only the single transfer given by ι G . 
Theorem 4.0.8. Let F be a totally real field, and letπ be an L-algebraic, 9 globally generic, cuspidal automorphic representation of G(A F ) whose archimedean componentπ ∞ is (up to center) a discrete series representation of G(F ∞ ). For simplicity, fix an isomorphism
• Proof. We assumeπ is L-algebraic; the C-algebraic case reduces to this one by twisting. There is an integer w such thatπ ⊗ | · | −w/2 is unitary, and it follows that ω| · | −w is finite-order. Let Π denote the transfer ofπ to GL 2n provided by Theorem 2.0.3. By Theorem 4.19 and Corollary 4.24 of [AS13] , Π is an isobaric sum
where each σ i is a unitary cuspidal automorphic representation of some GL n i (A F ) (where n i = 2n) and satisfies σ i σ ∨ i ⊗ ω| · | −w . Each σ i is regular, and σ i | · | w/2 is L-algebraic, so we associate a Galois representation to Π,
by applying Theorem 2.1.1 of [BLGGT10] 
10
Thus ρ Π,ι preserves (up to scaling) a pairing of sign (−1) w ω v (−1) as well, and the similitude character is just ω ι . We deduce (from the same calculations as in Lemma 3.0.5) that for G = GSpin 2n+1 , ρ Π,ι lands in GSp 2n (Q ℓ ), while for G = GSpin 2n or GSpin µ 2n , ρ Π,ι lands in GO 2n (Q ℓ ). In the GSpin 2n case, ω Π = ω n , so det ρ Π,ι = ω n ι , and ρ Π,ι indeed lands in GSO 2n (Q ℓ ). Similarly, in the GSpin µ 2n case, we claim that ρ Π,ι × id factors through
Thus, in all cases we obtain a homomorphism ρπ ,ι :
The fact that, in the GSpin 2n+1 case, we have the more refined L G-conjugacy of unramified parameters follows immediately from the following elementary observation: 10 And by the fact that non-self-dual irreducible constituents of ρ σ i ,ι come in (dual) pairs, and on such a pair r ⊕ (r ∨ ⊗ ω ι ) we can put an invariant pairing of any sign we like.
11 Note that in the case of the quasi-split group GSpin n ), our knowledge of ρ Π,ι (c v ) tells us that all t 1 , . . . , t n−1 are equal to ±1, with any permutation of these achievable by G ∨ -conjugacy, but yields no constraint on t n .
We can go somewhat farther and associate Galois representations to L-algebraic automorphic representations π of G(A F ) where G is one of the spin groups Spin 2n+1 , Spin 2n , Spin µ 2n underlying the corresponding G. This is not simply a matter of extending π to an L-algebraic representationπ of G(A F
to such a π. For lack of a suitable generalization of the results of [BC11], we will only produce the PGL 2n (Q ℓ )-representations corresponding to the 'projectivization' of ι G , which gives an embedding ι G : L G ֒→ PGL 2n × Γ F . We will have to make use of the more general construction of automorphic Galois representations over CM fields (again, see [BLGGT10, Theorem 2.1.1] for a precise statement); for a CM field L with totally real subfield F, we call an automorphic
Theorem 4.0.11. Let F be a totally real field, and let π be a globally generic, L-algebraic discrete series at infinity, cuspidal automorphic representation of G(A F ). Then there exist continuous ℓ-adic representations
(1) For all finite places v of F outside the finite set S of places where π is ramified, ρ π,ι is unramified, and 12 and then apply Theorem 2.0.3 to obtain the transfer Π ofπ to GL 2n (A F ). Twisting by type A Hecke characters, we will be able to associate GL 2n -valued Galois representations over (quadratic) CM extensions L/F. The main obstacle to descent to a projective Γ F -representation is reducibility of these Γ L -representations; this is surmounted by the patching lemma, originally due to Blasius-Rogawski ([BR93, Proposition 4.3]; see too the more general and very clear presentation in [Sor] ). By assumption, Π v is L-algebraic for certain v|∞ and C-algebraic for others, yielding a partition S ∞ = S L ⊔ S C of the archimedean places of F. For simplicity, for each v|∞ of F, we fix an embedding σ v : F ֒→ C whose restriction to F induces v; this will help us compare infinity-types of Hecke characters of varying CM extensions of F. We consider almost all quadratic CM extensions L/F of the form L = F( √ −p), where p is a rational prime; we can throw away any finite number, and it will be easiest to think about some of the arguments below by throwing out all F( √ −p) such that F is ramified at some place above p. Let us denote the set of such L by I: it has the property (called 'strongly ∅-general in [Sor] ) that for any finite set Σ of places of F, there is an L ∈ I in which every v ∈ Σ splits completely. For each v ∈ S ∞ , our fixed σ v induces σ w : L w ∼ − → C for the unique infinite place w of L above v, and with reference to these embeddings we select an infinity-type for a Hecke character ψ L of L, letting
12 Unfortunately, in §12 of [Pat12] the extension of automorphic representations from G(A F ) to G(A F ) was written assuming the center Z G of G was a torus; this does not hold for G = GSpin 2n , but all that is in fact required is that the quotient Z G /Z G be a torus.
By [Wei56] , there indeed exists a Hecke character ψ L : C L → C × with this infinity-type. For all L ∈ I, we can then form the L-algebraic automorphic representation BC L/F (Π) ⊗ ψ L . It need not be cuspidal, but recall that Π is isobaric with all cuspidal constituents σ i satisfying σ σ ∨ ⊗ω, whereω is the central character of π. Throwing out the finite number of L ∈ I such that BC L/F (σ i ) is non-cuspidal for some i (the resulting set remains 'strongly ∅-general'), each BC L/F (σ i )⊗ψ L is a polarizable, regular, algebraic, cuspidal automorphic representation of GL n i (A L ); this follows since L is the (geometric) Galois character associated to ψ c−1 L , and, moreover, ψ 2 L is type A 0 with associated geometric Galois character differing from (ψ L ) 2 by a finite-order character of Γ L . 13 The ℓ-adic
We now fix an ℓ and a base-point L 0 ∈ I, and we compare the various
where we abusively let
denote the ℓ-adic character associated to the finite-order (by our choices of infinity-types) Hecke character
L ), and we would like to descend this co-cycle relation, but invariant Hecke characters of a number field need not descend through non-cyclic (even biquadratic, as here) extensions.
14 Nevertheless, we can get away with somewhat less. Fix an L 1 ∈ I linearly disjoint from L 0 over F, and fix a descent (This triple-product is trivial on Γ L 0 L 1 L by the co-cycle relation, and so it is trivial on Γ L 1 L for exactly one of the descents of
, where note that the twisting character is trivial after further restriction to Γ L 0 LL ′ . To see that it is in fact trivial on Γ LL ′ , consider the three expressions
On the triple intersection, we have (by canceling and applying the co-cycle relation
by our choice of I, these fields are not ramified at the same set of primes), C itself equals 1, and we conclude that
Finally, we can apply the patching lemma ([Sor, Lemma 1]) to deduce that there is a continuous semisimple representation ρ :
The projectivization of this ρ is the desired ρ π,ι as in the statement of our proposition: for all L, and for all places v of F split in L (say v = ww), ρ( f r v ) has the same projective parameter as ρ BC L/F (Π)⊗ψ L ( f r w ), hence the same projective parameter as Π v . Varying L, since I is strongly ∅-general, we obtain the desired compatibility at almost all places v of F.
Remark 4.0.12.
• The same argument clearly yields associated projective ℓ-adic representations for any mixed-parity, regular, essentially self-dual cuspidal automorphic representation of GL 2n (A F ); see Corollary 5.3.1.
• Note that, in contrast to Theorem 4.0.8, we lose control of the explicit set of places of F where we do not know local-global compatibility: this occurs because in extending π to the desiredπ on G(A F ), we might have to allow ramification at additional primes, at which we cannot apply Theorem 2.0.3. This does not interfere with the claim that ρ π,ι | Γ Fv is crystalline at v|ℓ when π v is unramified, because we can choose the extensionπ to be unramified at any finite set of primes at which π is unramified.
A sharper result for mixed-parity automorphic representations
Claus Sorensen has suggested to me that in situations such as Theorem 4.0.11, in which one works with W-algebraic, but mixed-parity (in the terminology of §1), automorphic representations Π of GL N (A F ), 15 one should be able to find something stronger than an associated projective Galois representation, but rather a GL N (Q ℓ )/{±1}-valued representation. In this section, we provide some illustrations of Sorensen's idea: in the first part, we review and refine certain lifting results from [Pat12] , and in what follows we give a detailed example. First, however, we make a further remark on the mixed-parity condition. As we have seen, for any even N there exist such mixed-parity representations over totally real fields; the situation is markedly different for odd N. 16 It is well-known that no mixed-parity Hecke characters (N = 1) exist for totally real fields, and this in fact continues to be the case for any odd N:
Lemma 5.0.13. Let F be a totally real number field, and let Π be a cuspidal automorphic representation of GL N (A F ). Then Π cannot be mixed-parity, i.e. if it is W-algebraic, then it is a twist of an L-algebraic representation.
Proof. The key point is that, although Π need not be essentially self-dual, its infinity-type is; this follows from an analysis of the possible representations of the Weil group W R . We may assume Π is unitary, and then from Clozel's archimedean purity lemma ([Clo90, Lemme 4.9]) and the structure of W R it follows that rec v (Π v Remark 5.0.14. We can also regard this lemma as an automorphic instance of 'Hodge symmetry.' Such a mixed-parity Π would be L-algebraic on SL N (A F ), hence would be expected to yield geometric, even motivic, PGL N (Q ℓ ) Galois representations of Γ F . Precisely when N is odd, Hodge symmetry for motivic Galois representations (see [Pat12, §13] ) forces the existence of geometric lifts to GL N (Q ℓ ) of these projective representations; these geometric lifts in turn should correspond to an L-algebraic automorphic representation Π that is twist-equivalent to Π.
17 This, however, contradicts the assumption that Π was mixed-parity.
General Galois lifting results.
We take the occasion to streamline, and slightly generalize, some of the arguments of 
It turns out that we can answer this question if ρ, in addition to being de Rham at places above ℓ, moreover satisfies a 'Hodge-symmetry' hypothesis that will always hold under the Fontaine-Mazur and Tate conjectures. I perhaps did not stress enough in [Pat12] that the ability to lift ρ is equivalent to these Hodge symmetries (not merely implied by them), so whether one believes these ambitious conjectures or not, we have an explanation of the lifting obstructions. Here we focus on the case in which F admits a real embedding; this was not treated in full generality in [Pat12] , although the argument is in fact easier than the totally imaginary case; what is harder is pinning down the correct hypotheses.
The analysis of the lifting problem is ultimately reduced to the case of connected reductive H and H ′ . For this reason, and to make the automorphic analogy plain, we will for the time being replace H ′ and H by the dual groups G ∨ and G ∨ of connected reductive groups G and G (which in the automorphic context would live over F, but for us this is irrelevant; one can think of them as split groups over F, or just as groups over some algebraically closed field of characteristic zero) constructed as follows: G is arbitrary, and G is 17 Here I am lying slightly. Because of endoscopic phenomena, there may only be a character χ : A × F → C × such that Π Π ⊗ χ; but some power of χ will be a Hecke character, i.e. trivial on F × , so the argument here about infinity-types applies just as well.
formed by extending the center Z G of G to a multiplicative type group Z with the property that S = Z/Z G is a torus; that is, we set
where Z G is embedded anti-diagonally. Equivalently, we can fix G and let G be any connected subgroup containing the derived group of G; the quotient is a torus since G is connected. The fact that S is a torus is equivalent to the kernel of G ∨ ։ G ∨ being a (central) torus. 18 Let T be a maximal torus in G, with dual maximal torus T ∨ in G ∨ ; then T = (T × Z)/Z G is a maximal torus in G, with dual T ∨ in G ∨ . The relevant group theory will be encoded by the following two (exact) diagrams:
and, writing, for an abelian group X, X tor for its torsion subgroup, and X D tor = Hom(X tor , Q/Z) for the Pontryagin dual of X tor ,
The top sequence comes from taking character groups and then applying Hom(·, Z) to the sequence
The vertical isomorphisms are boundary maps associated to the sequence
and K maps isomorphically (via the arrows in the diagram) onto the image of
With this group theory in mind, our lifting result boils down to a lemma on Galois characters and (only necessary in the totally imaginary case) a simple trick in the representation theory of G ∨ . For the lemma, and subsequently, we will use the language of 'Hodge-Tate quasi-cocharacters' for Galois representations that are not necessarily Hodge-Tate but do have rational Hodge-Tate-Sen weights; there are various ways of making this precise-in [Pat12] we used the much more general Sen theory, although here the usual Hodge-Tate theory plus a little group theory would suffice. Let us return to our geometric ρ : Γ F → G ∨ (Q ℓ ). Let µ τ ∈ X • (T ∨ ) denote its τ-labeled Hodge-Tate cocharacters (defined up to Weyl-conjugacy, although we fix representatives). In proving the existence of some liftρ of ρ to G ∨ , Conrad ([Con11, Proposition 5.3])) exploits the existence of an isogeny-complement H to S ∨ in G ∨ ; that is, a closed subgroupH ⊂ G ∨ such thatH → G ∨ is surjective with finite kernel. In our context, we may assumeH is connected reductive, and Tate's theorem (H 2 (Γ F , Q/Z) = 0) ensures that ρ lifts to a homomorphism valued in a subgroup of G ∨ whose neutral component isH.
Let us write TH for the maximal torus ofH lying above T ∨ . The homomorphism X • (TH) → X • (T ∨ ) is not surjective, but it induces an isomorphism of quasi-cocharacter groups:
We can therefore uniquely lift each µ τ to an elementμ τ of X • (TH) Q . 
Proof. Indeed, the lift described in the preceding paragraphs, landing in some finite-index supergroup ofH, has the desired property.
These lifts define pairings μ τ , · :
and can therefore be identified with elements
(Recall the discussion on page 13.) Even if ρ takes values in a non-connected group H, we can still define these θ ρ,τ since the Hodge-Tate co-characters are valued in the identity component H 0 . Now we describe the lifting obstruction when F admits a real embedding: 
Proof. We first assume ρ has connected algebraic monodromy group, in which case we can replace H by G ∨ and H ′ by G ∨ . The elements θ ρ,τ are independent of τ if and only if the pairings
are independent of τ. The liftρ chosen above can be twisted (via a character Γ F → S ∨ (Q ℓ )) to a geometric lift of ρ if and only this induced collection of pairings X • (S ∨ ) → Q/Z arises from a collection λ τ ∈ X • (S ∨ ) Q 19 equal to the τ-labeled quasi-cocharacters of some Galois character ψ : Γ F → S ∨ (Q ℓ ). The proposition follows from Lemma 5.1.1. 19 Under the surjection
For general (not necessarily connected) ρ, we still choose the initial liftρ as above. Even thoughρ does not land in G ∨ , that it twists to a geometric lift is still equivalent to the existence of a Galois character ψ : Γ F → S ∨ (Q ℓ ) with the prescribed Hodge-Tate quasi-cocharacters. That the θ ρ,τ are independent of τ : F ֒→ Q ℓ is equivalent to the existence of such a Galois character over F.
We will spend some time unpacking this statement. First, for completeness, and contrast, we recall without proof the situation in the totally imaginary case:
Theorem 5.1.4 (Theorem 13.0.13 of [Pat12] [Pat12] ). Now let us return to the totally real case with some examples. The case in which Z is a torus, in which case the elements θ ρ,τ are simply elements of X • (Z G ) tor , was treated, with examples, in [Pat12] ; there (Corollary 13.0.12) we also explained, under the 'Hodge-symmetry' hypothesis, how far these elements could be from being independent of τ (namely, that it reduces to a parity obstruction: only the two-torsion in X • (Z G ) matters). Sorensen has suggested some interesting examples of GL N /µ m → PGL N lifting problems; we first digress to explain what this looks like on the dual ('automorphic') side. The first assertion of Part 2 is clear, and the second (again, just for intuition) is just a vague statement that is part of a much more precise description of L-packets for SL N (F v ) (see [GK82] ).
If one were willing to work harder, these local results could be used to understand automorphic multiplicities for mGL N , similarly to the case of SL N .
5.3. Examples. Now suppose that we have a geometric projective representationρ : Γ F → PGL N (Q ℓ ) arising from (the restriction to SL N (A F ) of) a mixed-parity, regular, ESD, cuspidal 21 representation of GL N (A F ). We ask whether it lifts geometrically to GL N (Q ℓ )/{±1}. Again, the interesting case will be N even. In the notation of Proposition 5. We would like to upgrade this to the stronger statement that there exists a compatible system of ℓ-adic representations ρ ι : Γ F → GL N (Q ℓ )/{±1} compatible with the local parameters of 2Π. This is rather delicate: recall thatρ ι was constructed by patching representations ρ ⋆ L over CM extensions L of F, yielding a Γ F -representationρ whose projectivization gavē ρ ι . The subtle, yet crucial, point is that the desired ρ ι (in the mixed-parity case) is not the reduction modulo 21 Or isobaric, with the essential self-duality applying to each cuspidal constituent, since the proof of Theorem 4.0.11 works just as well.
